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I. INTRODUCTION HE estimation of bearing to an acoustic source is conventionally done by additive array processing (delay-and-sum beam forming) [ 11 , multiplicative array processing (correlation) [2] , and vector decomposition (DIFAR [3] direction finding). In addition, array processing can be optimal or suboptimal in some sense [4] , [SI and adaptive [ 6 ] . However, it is axiomatic that the sum total of information available from an array of sensors is contained in the space-time data record resulting from a wave field in which the array is immersed [7] -[ 101 . In this paper, the data record is treated from a geometric point of view, the essential feature being to define a function which is characteristic of an array somewhat analogous to the impulse response of an electric network. The term "trace function" was coined [ 111 to give a name to the concept, which can be thought of as a sort of "fingerprint" for a given array/ wavefield combination. An example of the application of the concept to bearing estimation with a small circular array is presented in order to illustrate the utility of this point of view.
11. THE TRACE FUNCTION CONCEPT First, consider a linear array of length L in which a coherent data record over T seconds is preserved for each sensor as a realvalued time series. For simplicity assume that the sensors are sufficiently densely spaced to approximate a continuous aperture. Let a plane wave consisting of a single impulse propagating with speed C impinge upon the linear array from an arbitrary bearing angle B measured from the normal to the array axis. The wave will sweep across the aperture, and if the field amplitude received at each position in the array is recorded as intensity marked on a space-time plane, the result would appear as sketched in Fig. 1 . This pattern on the data record will be referred to as a trace function. Note that both the time of arrival and the bearing angle can be derived from the data. The trace function for a circular ring array receiving a plane wave forms exactly one cycle of a sinusoid, as shown in Fig. 2 , The "phase" of this sinusoid with respect to a reference point on the array yields the bearing angle directly and independently from the "amplitude" of the sinusoid, which depends upon the array diameter and the wave velocity.
The concept can be extended to an arbitrary volumetric array by considering the array as a number of individual sensors de-U.S. Government work not protected by U.S. copyright of the array. These phases then describe a unique trace function for each possible look direction. A circular array has a geometry for which only one of the parameters of the trace function is dependent on the look direction, and hence lends itself to an efficient algorithm to compare the trace function of the measured data to a stored replica in order to estimate the bearing. Similar ideas were introduced by Munk et al.
[ 161 and Bennett et al. [17] where they used the cross-spectral matrix to iteratively "match" a space-time spectrum to an ocean wavefront, and by Clay and Hinich [18] in a proposed array processor in which phases of signals with respect to the origin were linearly regressed on sensor positions in crossed linear arrays. A simplified realization applied to a three-element acoustic array in real time was recently reported by Clark [19] . In this example, the objective was to obtain good bearing estimates from a circular array with diameter smaller than a wavelength, using an algorithm that would also be easy to implement in real time. For this purpose, the trace function concept was extended to phase difference between all pairs of elements in the array.
111. PHASE DIFFERENCE TRACE FUNCTION Let the phase difference trace function be defined as the phase difference A@ between each pair of sensors as a discrete function of k and I (element indexes in the array) for frequency n constant. Hence, In this case the phase difference for all pairs of elements can be collected in a matrix and plotted as a surface. The trace functions can be constructed easily from the array geometry in terms of phase difference at each frequency resolution bin n (or in terms of time delay for a wide-band signal) with look direction as a parameter.
Note the following observations.
1)
Each phase difference is a constant for a given look direction, geometry, and frequency, so that the trace function is invariant with time.
2) For various frequencies wn afamily of such trace functions obtains, which are linearly related by the connection between time delay and phase shift.
3) For various look directions there is a set of such families, one family for each look direction.
Therefore, for a given array geometry, one can "match" a received trace function to the precomputed members of the sets/ families and find the look direction for each frequency resolution bin. The task of performing the match for every possible look direction and frequency can be quite formidable for a practical situation unless some regularity and symmetry can be found within the sets. Fortunately, for a circular array this task of matching is facilitated.
IV. TRACE FUNCTION CALCULATIONS
The calculation of the phase difference trace function for a circular array is presented briefly in the Appendix. In this paper only a two-dimensional array is treated; however, the extension to three dimensions is straightforward, albeit tedious. Calculations for a linear and a conformal array are given by Shelef [ 131 . 1) The trace functions of a circular array form a sinusoidal surface of exactly one period in each dimension (k and I).
2) The generalized "phase" of the sinusoidal surface is identically the direction of arrival of the incoming signal.
The estimation of the "phase" can be done relatively easily for the noisy trace function derived from measurements of the cross-spectral matrix by minimum mean-square error surface fitting.
V. MINIMUM MEANSQUARE ERROR SURFACE FITTING-BEARING &TIMATION
As shown in Fig. 5 , the trace function of a circular array is a surface of exactly one period in each dimension sampled at I @ points (for M elements in the array). In order to extract the directional information, the "phase" of the trace function must be estimated. Note that, due to the regularity of the array, all the families as defined before have the same analytical form with only one parameter to be estimated. The knowledge of this analytical form facilitates estimation by minimum meansquare error surface fitting. In this method the estimated "phase" of the measured trace function is found by fitting the received data points to a known analytical trace function. Fig.  6 illustrates a simulated "measured" trace function.
From the Appendix the phase difference trace function of a circular array at a given frequency is
where K is a constant and B is the bearing to be estimated for the incoming signal. Consider the mean-square error cost function
where are the phase differences obtained from cross-spectral measurements. (It is assumed in a practical case that the phase differences themselves are estimates derived from ensemble averaging, in the process of smoothing the cross-spectral data.)
Minimizing the cost function with respect to bearing produces
while expanding and collecting terms yields
After lengthy but straightforward trigonometric manipulations, one finds that the second term is zero for all B, and rearranging the first term produces Finally, solving for B which becomes the bearing estimation algorithm,
This simple estimator is especially appealing due to the fact that it does not require knowledge of the noise statistics. An additional feature of the estimator is that it does not require knowledge of the constant K, which contains the frequency, array diameter, and wave velocity After estimating the bearing, K can also be estimated and, as a result, the wave velocity can be calculated. A similar property is derived by Clay, Hinich, and Shaman [20] for large aperture arrays. This feature is important for some applications where propagation is dispersive and the wave velocity varies with frequency.
The estimation of K is done by minimizing the same cost function (3) with respect to K, which yields and hence the wave velocity estimate
The performance of the bearing estimator was investigated by computer simulation and compared to the Cram&-Rao lower bound for estimation error.
VI. C R A M E R -U O LOWER BOUND FOR THE IDEALIZED BTIMATOR
As a benchmark for the performance of the estimator, the Cram&-Rao lower bound (CRLB) was used. It was calculated for the maximum likelihood estimator which is equivalent to the minimum mean-square error estimator for uncorrelated Gaussian noise [2 13 . This can be considered as "best case" and it can be used as a lower bound for any realizable estimator. The CRLB for a maximum likelihood estimation of a parameter 0 is [22] where No = the input noise level (variance) s(t, e ) = the noise-free signal 0 = the parameter to be estimated. 16-element circular array of microphones in air was recently accomplished by Rollings [23] .
VII. SUMMARY In this paper the concept of the phase difference trace function has been applied to bearing estimation with a circular array. This way of looking at the available information from an array of sensors is based entirely on geometry. In general, the trace function concept is applicable to any array geometry or wavefront curvature, and for both narrow-band and wide-band processing schemes.
For the circular array the derivation of a bearing estimator from the trace function is straightforwardand its performance in a simulated experiment appears to approach the CRLB as the variance of the phase difference measurements is reduced. The algorithm for a minimum mean-square error estimator of bearing is computationally efficient for small circular arrays and provides acceptable bearing accuracy for many applications.
APPENDIX CIRCULAR ARRAY TRACE FUNCTION CALCULATION FOR A
The geometry of the array is shown in Fig. 9 . From (1) the The simulation was done with both correlated and uncorre-time delay to the kth element is lated "measurement" noise. The model used for correlated where An = wavelength of nth sinusoidal component.
